In this paper we construct a unique representation basis whose growth is more than x 1/2−ε for infinitely many positive integers x, which solves a problem posed by Nathanson in [M.B. Nathanson, Unique representation bases for the integers, Acta Arith. 108 (2003) Let A be a set of integers, and let
Does there exist a number θ < 1/2 such that A(−x, x) ≤ x θ for every unique representation basis A and for all sufficiently large x?
In this note, we show that the answer to the problem is negative.
Theorem. For any ε > 0, there exists a unique representation basis A for the integers such that for infinitely many positive integers x, we have
For a set A and any integer c, define
Lemma 1. Let A be a nonempty finite set of integers with r A (n) ≤ 1 for all n ∈ Z and 0 ∈ A. If m is an integer with r A (m) = 0, then there exists a finite set B of integers such that A ⊆ B, r B (n) ≤ 1 for all n ∈ Z, r B (m) = 1 and 0 ∈ B.
Proof. Let b = max{|a| : a ∈ A}. Take c = 4b + |m| and
It is easy to verify that the four sets 
It is easy to verify that r B (n) ≤ 1 for all n ∈ Z. This completes the proof of Lemma 2.
Proof of the Theorem. We shall use induction to construct an ascending sequence A 1 ⊆ A 2 ⊆ · · · of finite sets of integers and a sequence {x i } ∞ i=1 of positive integers with x i+1 > x i for all i such that for any positive integer k, we have (i) r A k (n) ≤ 1 for all n ∈ Z; (ii) r A 2k (n) = 1 for all n ∈ Z with |n| ≤ k; By (ii), we have that r A (n) = 1 for all n ∈ Z. So A is a unique representation basis for the integers. By (iii), we have
This completes the proof. 
